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82 Limts cf Se%«ev\ces

'Defwezon 2.0.1 (lnfbrma()

Let fad be a Sez(uey\ce cf veal numbers .

|§ nw s acﬁbv\g (arser and lmrjex' . Ba 8 36&»\3 closer and closer to | eR
-('J/\evxwesaual_ Etkzl‘w‘rbof-ﬂr\e.&iueme, an and we denste TE laa
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(im D does
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'Defln'r(:ion 2.0.2 (ﬁ-defin'rhion)

Let fad be a Sectu\e.r\.ce. cf veal puwbers and | eR.

LTssmd-toloe-tke.hm?bsf-HAe. evxcean?f

Ves>o, aNeN st lan-Ll<e V¥ wn=N.

Theorem 2.1.1

v

Meav\'ms : No wmatter how Small € (aou 6?\:2_ me. ,

[ can alwmas f!ml a Nenl st the tail (o, wrth nznN) Gf Secraemce
(les W the € - Hwanel (i—he:«alz\‘oovlnocd of L)

1) lfa,\-k VnemN (constact Sec(ugyu:e) , then v(\f_v;«“am=l<.

2) (-f k>o and a..\=n'k=7t§ . then vl\i_v.n&a,ﬁo.
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Remark: K seems that < and ) are obvious ., but we need o check -the Z-Jeflnrtlov\,
whidh is hawd .



Theorem 2.2.1
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Examrle 2.2.2
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Let fanl and {bnl be s

[ima

But what we write :

2 .

2.2 P\lsebmic "RroFeH:’les of Limcks

es cj real numbers.

(We camnct use 4L .w\ma?)

(Now , we can use & )

bn = M (\/ena '«vaorant QSWV\'FE\OV\) .

(f vl\i_')‘dway\ = L avd s
“then
|) v[\i_v\)d“a“"'bvg = vl\i_')\d“ay\"' yl\‘l_V;'\“L:n = L+M
2) J\i_v)w“a“-bn = vl\gw“a“_ yl\a_.;qau,n = L-M
3) yl\ig\“anbn = (h “a\r\)(‘!\‘l_v;ﬂubn) = ‘_M
hW\ Qa
L) Méo , . Gn _ Wi ™ _ L
‘f V[\l-“)ﬁaa bn IIM bn M
Examrle 2.9
Find hw\ 2 .3
N—>od
I_oaicn“a, Ba @
© fi > =2 . BmogoeoSo e e (3 %) -0 -0
Bg ()
- = - = lim > i =
® fmReo Moy oSl Rz ol Roen3 - 0en

3



Execise 22.1

3
F’md liM gﬁ{L , hM i':ﬁ (]f QK'S‘E)
N—es W -2, N—oe 20+
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Pnswer: fim 3Bt =6 | lw A2 Joog NoT edist.
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Psvua_ observation ?

'Basicnlla, we are ComPax"lnﬁ “+the dejrees cf the numerator and +the denominator .

C.onclusim s

If 'Pbo and %@0 are ‘Folanomials )

peo - amxm+a....'>cm-+---+a.-:c+aa wrth  am# o (des -Fm=m)
k

960 = b + a4+ b +be  with  béo (des qs0= k)
then

oo if m> k
.l‘r,.-%'g= = f omek

(0} .f me k

Fo”on.o'ma s idea :
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E*Aamrle 2.2.5

n
Frod i -

Question: Can we
NoSolurEelta NoT 2

n n
S i [, m 2 = I£d
Sala—'a'\—-ml QV\CJ &%T-O,So lwv\ n_o ‘
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Since vli_v)nﬁ Y does NOST exist |, ’FmFer(:a Q) cawnst be a\:s?\ie::i 2

2.3  Monctounic Sealuewce Theorem
'befiv\rtion 2.3.1

Let {ad be a geguence of veal numbers .

D {Qr\.} is said +o be bounded above ‘rf IJM>o st. Ans™M  — called on wpper bound
ab) {an} 1s Sad +o be bounded below “rf IMs>o st. anz=2M — called 2 lower bound
G fan} s sad +o be bounded ‘-f IMs>o st. [aulsM (e -MzausM)

bounded = both bounded above and below

(V) {an} 1s sad +o be monctonic increa.s‘ma Tf Qa1 2 @ VYnenN

W fan} 1s sad +o be monctonic decreas’ma ‘j’ Qs = Qn VYneN

Geometvical me.avﬁng :
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{ava} is bOuv\dte aloovo_ bla_ M

Rut vt maa l’\aH:_a.vu +hat a Slnav?ew bouwd ™M’
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Caution :

fa.\? IS lﬁouv\dgcl a\om:e \ola M

lim an

but  lim an ‘|sNi[uece§ana_Jm_bLH_
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Exo.mFle 231
Lct {Qn} l:>e. a SQL((AenCQ of ‘(24( Numbers dEfwel:l bg

Q =1 nd Gy = L4 iz 1)
' a ert (+ G "

Does fim an exist 2

1) Clam: {ad is moncstonic lucvmsiv\é
(Note : From the conshruction cf “the SQTAev\c.e.. , A.zo NYunem)
Prove. the Statewert “Guuzan” ba induction :

S‘EEFI'- aﬁ.'al=(|+ [-a: )—a,=%—l=4=_—>°

a,

S-EeF 2: PAsume a,=a *for some keN
- s Ly - G
Ay = Qg = (L + H.%‘) L+ o )

=__a_EiL___€B_

(-+dk+‘ I+ Q&
- 2 i o
(+ag )+a)

i fad is bounded above bua_ Q.

. R Monctone Conversence Theorem lim Q. exists (But , what s the value )
9 N s

Let  lim an=A
Note taak G = [+ =22 uking limk on bothh sides
(+ an "
fwn
Gn _ e
wl_i’m»am =l 1 o= .
_ A
A =1+ T+ A
A+A-1 -0

A=-L+.5_E or J:s_E (Ye:le_c{'ed)
Note : +the  limrt 1= NST 2 .



Constatt, € :
Consider a nuwber (1LY st szew:ls on v and . and then
1) -j'b« m, saé m=loo , 1S jct\-w\g lav-se,r and |ar3e,r.

N= 19 N= 100 N= 1000 —> 4o

foo®

(("'_vlﬁ)“: (.<>|'o ((-t——vln—)“—_: (.ollm> ((-u——“lﬂ—)“—_: l.ol —> 40

2) -jhc ", saa N=loo , M I8 jcl-\-mg lavaer andl larae,r.
w = (O m =100 m= (1000 —_—

((+—v‘v\—)n= l.lloo ((+—WIT)“= |,°|‘°° ((+_YVlT)“= I'ool(ao — I

How o&:w‘b Szt\'T/\g m=Wn anol let ’fl/\evw ‘oeC»mQ (qﬁe( anrd laﬁw 2
(H——lw)“—)? as  N—>+oo (‘u.<. [t aasts 2

Some'\‘V\Wj bhotiyeen +co and | ’?7)

N=10 N=(0D N=(0DO —> +%
looo

<(+—vl\—)v‘= '-llo ((+—vl\—)“= |.Dl(°° <(+—Vl\—)“= |.ool
~Q 545 ~ JFo48\ a2 FR> —sdF e -

[t exists and call #* e .

How'to?vcve?

[dea :

Let an= () VneN .

) Prove {ad is monstonic Increasing
2) Prove  {&d s bounded above \o(& 2.




2.4 Sandwich Theorem
Theorem 2.4.1 (Sandwich Theorem )
Let faul. {bal and fcu} be SeTae.V\ceS oF veal numbers .

B Qisbnsci VneN and vl\i_;ﬂwan=vl\irwcv\=|_, thea fim bn=L .

Qeometvical meav\ir% :
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Exa\mrle. 2.4

Find lim ——
"3 [nel +div
Note : © < ' s =

— i VneN and vl\i_v:\“°=hm

=0
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L
n

B, sanduich theorewn , lim —— = o
3 "o et +dn
E‘Aawrle. 2.4.2
Find  [im —ln—sivnn
N>
Note : -k -Lsmns L YneN and vl\i-'.”‘.g"_"l_\' =,|J_V:‘,,’vli =0

B.a Sanduich theorem ,  im —ksivm.=o i
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Exercise .41

_|“ =
Prove that l‘r& LRQ. o
Hirk . ~1s¢G's 1 .




Theorem 242

Let fad be a sequence vsf veal wambers .
lim a,=0 & fim lad-0.
prof
‘e Suﬂ:ose. that  lim_laal -0 .
Note that -lad < ansclasd VYneN ., and

lim_=lanl = - i lanl =0,

b-a Hhe sandwidh theorem vl\ilv’\”a“=o.

T Swﬂ:ose. “that '|\i_g|“an=0.

Then vl\:_\;v\“ am = ('!Lw;a..)-('!man) =0.0=0

NO'EQ- ‘Yrat |anl =E

RO N - I N
=50 N-3c

(:)'J,l,}.‘_‘.,",a: %) _is true becouse o§ o is
=Jdo a.fwr\ctlor\'&\d'b'ls cortinuous at o .
=0

:B% uslvﬁ +the above resutt , we obtain a vesut covxcemiv\j a 'Produc‘t of +wo Se%,\ew:es :
Theorem 243

Ff fanl and fbal be Secruev\ce.s uf veal nuwbers such that v!kn”a“ =0 and
{bv& 2 bounded , -then ‘Lig\“a.\lov\ =0 .

procf

Note « -lanl = Q. < laal Y inen

- fbad is bounded > aIM>0 st. lbal=M (ie. -MsbasM) VneN.

-Mlanl € anbn s Mlanl  NYnenl

[im Gu =0 <> lim lan=o
NSc NSc
=  lim -Mlaul = lim Mla. = ©
NS NS

B«a Hre sandwidh theorem |, 'Li_':)“av\bu =0 .




